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Abstract 
In contrast to energy analysis, the analysis of exergy allows the evaluation of the quality of different 
energy flows and enables a comprehensive assessment of inefficiencies within a system and its 
individual components by accounting for exergy consumption. While exergy analysis methods have 
been applied to a variety of conventional and renewable energy supply systems, there is still a lack of 
knowledge regarding the exergy flows and exergy efficiency of hybrid ground-source heat pump 
systems with a supplementary boiler. In this study, we develop a thermodynamic model for each 
subsystem in a hybrid heating and cooling system of an existing building by applying the concept of 
cool and warm exergy. A comparison of the exergy consumption of the hybrid system in heating and 
cooling reveals that there are significant differences regarding the components that attribute most to 
the overall exergy consumption in the system. Due to these differences the true exergy performance of 
the system in heating mode (~30%) is twice as high as for cooling mode (~15%), while the natural 
exergy performance is considerably better in cooling mode (~26% to ~3%). Potential measures to 
enhance the exergy performance based on changes in the operational settings of the system and the 
improvement of the building envelope were found to have a more significant effect on heating 
performance than on cooling performance. In general, measures that affect the amount of thermal 
energy delivered by the system appear to be more effective than changes to the operational settings of 
energy supply systems.  
Keywords 
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Nomenclature 
Variables 
c specific heat capacity [kJ/kg K] 
E power consumption [kW] 
HXeff effectiveness of the heat exchanger [-] 
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k irreversibility factor [-] 
m mass flow rate [kg/s] 
Q energy [kW] 
r ratio of chemical exergy for natural gas [-] 
T temperature [K] 
X exergy [kW] 
η efficiency [-] 
 
Subscripts 
0 reference (outdoor) condition 
b geothermal circulation fluid, borehole heat exchanger 
boiler boiler 
c condenser of the heat pump 
ceil consumption at the ceiling 
comp compressor of the heat pump 
cond consumption at the condenser 
CP main circulation loop 
divHP diverted heat pump loop 
divHX diverted heat exchanger loop 
e evaporator of the heat pump 
evap consumption at the evaporator 
g ground  
gex consumption at the borehole heat exchanger 
HP heat pump 
HX heat exchanger 
HXload load side of the heat exchanger 
HXpump boiler loop circulation pump 
HXsource source side of the heat exchanger 
in system/component inlet 
ind indoor 
load load side of component 
loss consumption due to imperfect heat exchange 
mix mixing valve after heat pump (HP) or heat exchanger (HX) 
NG natural gas 
out component/system outlet 
power electricity input 
pump ground loop circulation pump 
re return, i.e. system/component inlet 
refcycle consumption in the refrigerant cycle 
source source side of component 
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sup supply, i.e. system outlet 
tot total efficiency/input 
transfer consumption during heat exchange 
val consumption in the mixing valves 
w heating/cooling fluid  
wb boiler loop fluid 
 
1. Introduction 
In thermodynamics, the exergy content of a system is defined as the maximum theoretical amount of 
work that can be extracted from this system in relation to a certain reference state, which usually refers 
to temperature conditions outside of the investigated system [1]. The analysis of exergy contents and 
flows offers a concept to assess the quality of energy, which has been applied in various fields of energy 
research, such as utilization and storage of energy [2-4], renewable and sustainable energy 
technologies [5-9] and energy processes [10-13]. The analysis of exergy (or 2nd law analysis) quantifies 
the quality of different energy flows through a system and so enables a comprehensive assessment of 
all important aspects of energy utilisation [14]. In addition, exergy consumption, which represents a 
reduction in the ability of the system to deliver thermal energy, can be quantified on a detailed level for 
individual subsystems of energy supply systems and thus enable a more thorough examination of 
system efficiency than energy analysis [15]. Furthermore, by applying exergy analysis the magnitude 
and location of thermodynamic imperfections can be identified. Thus, exergy analysis methods are also 
ideal when system improvement is needed [16]. 
With a large amount of energy being used for space heating and cooling there has been an increasing 
interest in applying exergy analysis to understand the overall utility of energy supply systems with the 
aim of optimizing efficiency [17-20]. Several recent studies used exergy analysis for the evaluation of 
operation and control strategies of conventional HVAC systems [21-24], while other studies compared 
the overall energy and exergy performance of such systems under different climatic conditions and for 
different reference states [25-29]. With the increasing use of renewable energy technologies for space 
heating, recent years have seen a large amount of work on the exergetic evaluation of ground, solar 
and air-sourced heat pump systems [30-34]. These studies have shown that systems using renewable 
energy sources are typically favourable with regard to exergy performance, when combined with a 
moderate temperature heating systems, such as radiant floor or wall-mounted systems [35]. This is due 
to the low temperature spread between heat source and supply system, which results in lower entropy 
generation and consequently in lower exergy consumption [36, 37]. Evaluation of water-based systems 
for space cooling that employ renewable energy source, on the other hand, can be found less frequently 
in literature [38, 39], and studies investigating systems for both space heating and cooling from one 
system are still rare [40, 41].  
Also, recent developments and increasing popularity of hybrid GSHP systems with additional heat 
sources or sinks are not yet reflected in available methods for exergy analysis of such systems [42, 43]. 
So far, only two studies investigated the exergy flows and efficiencies for a GSHP system with additional 
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heat sinks, such as a cooling tower or a crawl-space below a residential building [29, 39, 44]. However, 
to our knowledge no study has investigated the exergetic performance of a GSHP system with a 
supplementary, gas-fired boiler, although this type of system is becoming increasingly popular due to 
lower installation and operational costs [45]. The introduction of a boiler component to the low or 
moderate temperature system will be interesting, as such a high-temperature component has the 
potential to significantly affect the exergy efficiency and consumption in the system. Consequently, the 
performance of such a hybrid system might also differ significantly in heating and cooling mode.  
Such a detailed investigation requires a detailed analysis on the level of individual system components, 
which was so far conducted only by Li et al. [38] for a GSHP and ASHP system in cooling mode. In 
addition, comparing the performance of the system in heating and cooling mode in detail also requires 
taking into account the different types of exergy, warm and cool, and thus a more complex analysis 
than the standard approach follow by the vast majority of existing studies. Indeed, a recent review on 
GSHP systems highlighted the benefits of detailed, analytical exergy analysis to identify irreversibilities 
at different locations in the system, and concluded that further improvements of this method offer a 
large potential to enhance the efficiency of GHSP systems [46].  
To address the research gaps highlighted above, we carry out a detailed exergy analysis of a hybrid 
system with a supplementary boiler operating in both heating and cooling modes. To do so, we develop 
a comprehensive and novel thermodynamic model comprising of all technical components under 
consideration of warm and cool exergy. The thermodynamic model constitutes new formulations for the 
energy and exergy terms for the subsystems relating to the supplementary boiler, such as the heat 
exchanger and the mixing valves. We assess exergy efficiency at different levels and according to the 
different energy and exergy sources, such as natural and non-natural exergy, to allow a detailed 
comparison of different aspects of system performance in different operational modes. To demonstrate 
the application of exergy analysis to real systems in the context of system design and management, we 
investigate three different hypothetical scenarios for potential improvement of the performance of the 
hybrid system relating to changes in equipment, operational strategies and building envelope 
improvements. In addition this scenario analysis will reveal new insights into the dependency of exergy 
values and performance of individual system components on operational conditions, as previous 
studies conducted either parametric studies regarding the reference temperature [29, 41], or analysis 
on a (sub)system level [40, 47]. The impact of these system and building variations is discussed with 
regard to changes in exergy balance, performance indicators and exergy consumption in individual 
system components. 
2. Exergy theory 
According to Shukuya [48] exergy is defined as a measure for the dispersion potential of energy, while 
entropy is a measure for this dispersion of energy. Furthermore, exergy can be considered as warm or 
cool exergy depending on the system temperature T and the reference temperature T0. If the system 
temperature is higher than reference T0, the thermal energy Q contained in the system can disperse 
into the environment, which acts as a cold reservoir, as a flow of warm exergy (eq. 1). If the environment 
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is warmer than the system, it contains more thermal energy Q than the system at T, so that exergy in 
form of cool exergy can flow into the system (eq. 2) [1].  
𝑋𝑤𝑎𝑟𝑚 = (1 − 
𝑇0
𝑇
)  𝑄 , 𝑓𝑜𝑟 𝑇 > 𝑇0  (1) 
𝑋𝑐𝑜𝑜𝑙 =  (1 −  
𝑇0
𝑇
) (−𝑄∗), 𝑓𝑜𝑟 𝑇0 > 𝑇 (2) 
 
In accordance with the principle of energy conservation and entropy generation, it is possible to obtain 
the general energy and entropy balance equations for any system under consideration given in eq. 3 
and 4 [38]: 
[𝑒𝑛𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡] =  [𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑒𝑑] +  [𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑢𝑡𝑝𝑢𝑡] (3) 
[𝑒𝑛𝑡𝑟𝑜𝑝𝑦 𝑖𝑛𝑝𝑢𝑡] +  [𝑒𝑛𝑡𝑟𝑜𝑝𝑦 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑] =  [𝑒𝑛𝑡𝑟𝑜𝑝𝑦 𝑠𝑡𝑜𝑟𝑒𝑑] + [𝑒𝑛𝑡𝑟𝑜𝑝𝑦 𝑜𝑢𝑡𝑝𝑢𝑡] (4) 
 
As 𝑒𝑥𝑒𝑟𝑔𝑦 = 𝑒𝑛𝑒𝑟𝑔𝑦 − 𝑒𝑛𝑡𝑟𝑜𝑝𝑦 ∙ 𝑇0, a general exergy balance equation for any system can be written 
as eq. 5 [38], where the exergy storage term can be disregarded for steady state system evaluations. 
[𝑒𝑥𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡] −  [𝑒𝑥𝑒𝑟𝑔𝑦 𝑐𝑜𝑛𝑠𝑢𝑚𝑒𝑑] =  [𝑒𝑥𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑒𝑑] +  [𝑒𝑥𝑒𝑟𝑔𝑦 𝑜𝑢𝑡𝑝𝑢𝑡] (5) 
3. Modelling approach 
3.1. System overview 
The Architecture studio building of the University of Cambridge is used as a case study for an existing 
building with a hybrid GSHP system. The upper floor of the two-storey building contains an open office 
space of approx. 325 m2, which is used as a design studio. Heating and cooling for this space is provided 
by the hybrid GSHP system, which consists of two vertical borehole heat exchangers (BHE) each 45m 
deep and a reversible brine-to-water heat pump (HP). Thermal energy is supplied to the room through 
radiant ceiling panels covering about half of the ceiling area. Due to the local climatic conditions 
dehumidification is not required, and accordingly not provided by the system. In the winter season, the 
GSHP is used to preheat the building return flow, while supplementary heat is provided by a heat 
exchanger (HX) connected to a gas-fired boiler. In summer, the total cooling demand of the space is 
provided by the GSHP system.  
Figure 1 presents a schematic overview of the water-based hybrid GHSP system and the relevant 
system components for cooling and heating mode. The main return flow from the ceiling panels in the 
building is split before the heat pump, so that only a fraction of the main circulation flow passes through 
the evaporator (in cooling mode) or the condenser (in heating mode) of the heat pump. The other 
fraction of the flow is diverted, and both flows are then brought together in the heat pump mixing valve. 
In cooling mode, this flow represents the supply flow to the ceiling panels, while in heating mode two 
additional components must be considered. The mixed flow from the heat pump is then separated again 
into a fraction that flows through the heat exchanger, and a second fraction which bypasses the heat 
exchanger. Both fractions of the main circulation flow are merged in a second mixing valve after the 
heat exchanger, and form the heating supply flow.  
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Figure 1: Schematic overview of the energy supply system of the case study and the individual 
components of the hybrid heating and cooling system.  
 
For the analytical exergy modelling under steady-state conditions we apply the design temperature 
values of the system as listed in Table 1. The selected outdoor temperatures T0 represent typical 
reference temperature values for exergy analysis of heating and cooling systems in moderate climates 
[26, 39] and the indoor temperature Tin is adopted from the set point temperature of the studio space. 
According to the building management, the heating and cooling set point temperature for the Studio 
room is 21°C. The average surface temperature of the radiant ceiling panels is unknown, so we model 
the ceiling in combination with the indoor space, and use the indoor air temperature as internal 
temperature of this component. The rather low cooling set point temperature is due to internal heat 
gains from dense occupancy at peak times, physical activity of the occupants, and waste heat from the 
workshop on the ground floor. In addition, the radiative environment formed by the surface temperatures 
of other construction surfaces, such as windows, must be particularly considered for the performance 
of a radiant ceiling.  
Table 1: Temperatures and mass flow rates used for exergy analysis of the system in cooling and 
heating mode, and electricity consumed by pumps and the compressor of heat pump. The heat 
exchanger, boiler and mixing valve HX are only used in heating mode. All values represent the design 
values based on the system specifications.  
Temperature cooling design values heating design values 
T0 30°C 303 K 0°C 273 K 
Tind 21°C 294 K 21°C 294 K 
Tg 13°C 286 K 13°C 286 K 
Tb,int 23.1°C 296.1 K 6°C 279 K 
Tb,out 18°C 291 K 9°C 282 K 
Tc 27°C 300 K 42°C 315 K 
Te 12°C 285 K 4°C 277K 
THX,source,in - - 82°C 355 K 
THX,source,out - - 71°C 344 K 
Tre 20°C 293 K 36°C 309 K 
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The definition of the ground temperature, Tg, is based on the assumption of a long-term thermal 
equilibrium between the atmosphere, with an average annual air temperature of approx. 10°C, and the 
ground with slightly increased subsurface temperatures of 3K due to the urban setting of the 
investigated building [49].The inlet and outlet temperatures of the heat carrier fluid in the BHE, Tb,in and 
Tb,out, are set to match the design capacity of the BHE of 7 kW and 14 kW for heating and cooling 
respectively. The values of the condensing and evaporation temperatures Tc and Te of the heat pump 
are defined based on the source and load side inlet and outlet flow temperatures of the respective 
season and are within the range of typically assumed values for Tc and Te in literature [38, 41, 44, 50]. 
Temperature values for the HX source side inlet, THX,source,in, and outlet, THX,source,out, as well as for the 
energy supply Tsup and return flow Tre were obtained from the mechanical installation drawings, which 
were also used to obtain the mass flow rates of the specific system parts. The characteristics of the 
electric and mechanical components of the system, such as the power demand of the pumps, were 
taken from constructions plans and technical information sheets. For the exergy modelling we assume 
steady state conditions and focus mainly on thermal exergy, which leads to the exergy equations listed 
in the following parts of this section.  
3.2. Heating mode 
In order to analyse the steady-state exergy flow through the energy supply system and the exergy 
consumption by the individual components it is necessary to divide the system into its basic components 
[38]. For the hybrid system operating in heating mode, these are: the borehole heat exchanger, the 
evaporator of the heat pump, the refrigerant in the heat pump, the condenser, the mixing valve after the 
heat pump, the heat exchanger, the mixing valve after the heat exchanger and the radiant ceiling. An 
overview of the components used by the supply system operating in heating mode and the 
corresponding terms for energy, exergy and temperatures applying to the individual components is 
given Figure 2.  
 
Tsup 17°C 290 K 48°C 321 K 
Mass flow rates   
mb 0.60 kg/s 0.60 kg/s 
mHP 0.60 kg/s 0.60 kg/s 
mdivHP 0.26 kg/s 0.26 kg/s 
mwb - 0.75 kg/s 
mHX - 0.82 kg/s 
mdivHX - 0.04 kg/s 
mcp 0.86 kg/s 0.86 kg/s 
Electric power   
Epump 380 W 380 W 
Ecomp 1250 W 1250 W 
ECP  630 W 630 W 
EHXpump - 550 W 
Specific heat capacities   
cb 4270 J/(kgK) 4270 J/(kgK) 
cw 4190 J/(kgK) 4190 J/(kgK) 
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Figure 2: Subsystems used for heating as represented by the exergy model for heating mode with the 
energy, exergy and temperature terms applying to the corresponding components. Temperatures in 
bold are inferred from the model by balancing the energy input and output of the corresponding 
component. 
 
Detailed equations for calculating exergy contents and flows based on the concept of warm and cool 
exergy for a borehole heat exchanger and the different components of a heat pump were derived by Li 
et al. [38] for a system in cooling mode. To make the equations applicable to heating mode, changes in 
flow direction of energy and exergy, and the reverse operational mode of the heat pump have to be 
taken into account. The corresponding equations can be found in Appendix B. As we focus on modelling 
the exergy flows in the system analytically and under steady-state conditions, we choose to quantify 
the energy exchanged with the ground based on the provided system temperatures, and thus disregard 
physical details of heat transfer in the subsurface and inside the ground heat exchanger. For 
components e) - h) in Figure 2 we derived new formulations following the same concept as applied by 
Li et al. [38] to maintain consistency in the approach.  
3.2.1. Mixing valve after the heat pump 
In the mixing valve after the heat pump the flow through the heat pump, mHP, is combined with the flow 
that bypassed the heat pump, mdivHP. The energy balance for the mixing valve is defined by the 
corresponding contents of thermal energy of the two inlet flows and the outlet flow (eq. 6). The exergy 
balance (eq. 7) is formed of the corresponding exergy contents of the inlet XHP,load,out (eq. A.22) and 
XdivHP (eq. 8), outlet flow XHP,mix,out (eq. 9), which represents the inlet flow to heat exchanger component 
with temperature THX,load,in, and an additional exergy consumption term Xval,HP, which accounts for 
entropy generated during the mixing process. The derivation of the general form of eqs. (8) and (9) is 
shown in Appendix A. 
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𝑐𝑤𝑚𝐻𝑃(𝑇𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 − 𝑇0) + 𝑐𝑤𝑚𝑑𝑖𝑣𝐻𝑃(𝑇𝑟𝑒 − 𝑇0) = 𝑐𝑤𝑚𝐶𝑃(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑇0) (6) 
𝑋𝑑𝑖𝑣𝐻𝑃 + 𝑋𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 − 𝑋𝑣𝑎𝑙,𝐻𝑃 = 𝑋𝐻𝑃,𝑚𝑖𝑥,𝑜𝑢𝑡 (7) 
𝑋𝑑𝑖𝑣𝐻𝑃 = 𝑐𝑤𝑚𝑑𝑖𝑣𝐻𝑃 {(𝑇𝑟𝑒 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝑟𝑒
𝑇0
} (8) 
𝑋𝐻𝑃,𝑚𝑖𝑥,𝑜𝑢𝑡 = 𝑐𝑤𝑚𝐶𝑃 {(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛
𝑇0
} (9) 
 
3.2.2. Heat exchanger 
For the overall energy balance of the heat exchanger (HX) in eq. 10, which is based on the general 
energy balance in eq. 3, we assume a non-ideal heat exchanger with a separate term for energy loss. 
This heat loss is defined by the heat exchanger effectiveness HXeff, which is assumed to be 0.95 [51]. 
QHX,source,in and QHX,load,in represent the energy contents of the source and load side inlet flows, 
respectively, and QHX,source,out and QHX,load,out represent the energy contents of the corresponding outlet 
flows. QHX,source,in and QHX,source,out can be quantified by the corresponding temperatures and mass flow 
rates using the relation Q=cw*m*(T-T0) (Figure 2) and the values from Table 1, while for QHX,load,in 
THX,load,in can be inferred by rearranging eq. 6. The internal energy balance of the HX is given in eq. 11, 
where QHX,source is the energy input through the source side and QHX,load the energy output on the load 
side, which differs from the source side input by the energy loss HXeff. The corresponding exergy 
contents of the load side inlet flow XHX,load,in, source side inlet flow XHX,source,in, load side outlet flow 
XHX,load,out and source side outlet flow XHX,source,out form the exergy balance of the heat exchanger (eq. 
12). It also takes into account the power consumption of the pump used in boiler circulation loop, 
EHX,pump, and the exergy consumption XHX. (eq. 13), which arises from two sources: exergy consumption 
XHX,loss due to imperfect heat exchange related to HXeff (eq. 14), and exergy consumption during heat 
exchange XHX,transfer. 
𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑖𝑛 + 𝑄𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 − (1 − 𝐻𝑋𝑒𝑓𝑓) × 𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒 = 𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑜𝑢𝑡 + 𝑄𝐻𝑋,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 (10) 
𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒 − (1 − 𝐻𝑋𝑒𝑓𝑓) × 𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒 = 𝑄𝐻𝑋,𝑙𝑜𝑎𝑑 (11) 
𝐸𝐻𝑋𝑃𝑢𝑚𝑝 + 𝑋𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑖𝑛 +  𝑋𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑋𝐻𝑋 = 𝑋𝐻𝑋,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 + 𝑋𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑜𝑢𝑡  (12) 
𝑋𝐻𝑋 = 𝑋𝐻𝑋,𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 + 𝑋𝐻𝑋,𝑙𝑜𝑠𝑠 (13) 
𝑋𝐻𝑋,𝑙𝑜𝑠𝑠 = (1 −
𝑇0
0.5 ∗ (𝑇𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑖𝑛 + 𝑇𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑜𝑢𝑡)
) × (1 − 𝐻𝑋𝑒𝑓𝑓) × 𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒 (14) 
 
Energy and exergy balance equations for the source side of the heat exchanger, which is connected to 
the boiler, are given by eqs. 15-18, where XHX,source is the amount of exergy exchanged between the 
source side fluid and the heat exchanger.  
𝐸𝐻𝑋𝑃𝑢𝑚𝑝 + 𝑐𝑤𝑚𝑤𝑏(𝑇𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑖𝑛 − 𝑇0) = 𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒 + 𝑐𝑤𝑚𝑤𝑏(𝑇𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑜𝑢𝑡 − 𝑇0)  (15) 
𝑋𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑖𝑛 = 𝑐𝑤𝑚𝑤𝑏 {(𝑇𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑖𝑛 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑖𝑛
𝑇0
} (16) 
𝑋𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑜𝑢𝑡 = 𝑐𝑤𝑚𝑤𝑏 {(𝑇𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑜𝑢𝑡 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑜𝑢𝑡
𝑇0
} (17) 
𝑋𝐻𝑋,𝑆𝑜𝑢𝑟𝑐𝑒 = 𝑋𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑖𝑛 − 𝑋𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒,𝑜𝑢𝑡 (18) 
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Looking at the load side of the heat exchanger there are two different ways to calculate the energy 
transferred from the heat exchanger to the load side fluid QHX,load: based on the source side energy 
QHX,source and the effectiveness HXeff (eq. 19), which is assumed to be 0.95 [51], or based on the load 
side energy balance (eq. 20). As the design temperatures for THX,load,in and THX,load,out are not specified 
in the technical description of the case study system, eq. 19 is used here. The exergy contents of the 
load inlet flow XHX,load,in and outlet flow XHX,load,out are given by eqs. 21 and 22. 
𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒 × 𝐻𝑋𝑒𝑓𝑓 =  𝑄𝐻𝑋,𝑙𝑜𝑎𝑑 (19) 
𝑄𝐻𝑋,𝑙𝑜𝑎𝑑 + 𝑐𝑤𝑚𝐻𝑋(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑇0) = 𝑐𝑤𝑚𝐻𝑋(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 − 𝑇0) (20) 
𝑋𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 = 𝑐𝑤𝑚𝑤 {(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑇0) − 𝑇0 ln
𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛
𝑇0
} (21) 
𝑋𝐻𝑋,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 = 𝑐𝑤𝑚𝑤 {(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 − 𝑇0) − 𝑇0 ln
𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡
𝑇0
} (22) 
 
3.2.3. Mixing valve after the heat exchanger 
In the second mixing valve after the heat exchanger the flow from the HX mHX is merged with the 
bypassed flow mdivHX to the heating supply flow mCP. The according energy and exergy balances are 
given by eq. 23 and 24, where XdivHX represents the exergy content of the bypassed flow (eq. 25), Xval,HX 
is the exergy consumption in the HX mixing valve, and Xsup is the exergy content of the supply flow (eq. 
26). 
𝑐𝑤𝑚𝐻𝑋(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 − 𝑇0) + 𝑐𝑤𝑚𝑑𝑖𝑣𝐻𝑋(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑇0) = 𝑐𝑤𝑚𝐶𝑃(𝑇𝑠𝑢𝑝 − 𝑇0) (23) 
𝑋𝑑𝑖𝑣𝐻𝑋 + 𝑋𝐻𝑋,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 − 𝑋𝑣𝑎𝑙,𝐻𝑋 = 𝑋𝑠𝑢𝑝 (24) 
𝑋𝑑𝑖𝑣𝐻𝑋 = 𝑐𝑤𝑚𝑑𝑖𝑣𝐻𝑋 {(𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑇0) − 𝑇0 ln
𝑇𝐻𝑋,𝑙𝑜𝑎𝑑,𝑖𝑛
𝑇0
} (25) 
𝑋𝑠𝑢𝑝 = 𝑐𝑤𝑚𝐶𝑃 {(𝑇𝑠𝑢𝑝 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝑠𝑢𝑝
𝑇0
} (26) 
 
3.2.4. Radiant ceiling 
The energy balance for the radiant ceiling subsystem is given by eq. 27 and the corresponding exergy 
balance by eq. 28. Exergy input is provided by the exergy content of the supply flow Xsup, while the 
output term is formed of the exergy content of the return flow Xre (eq. 30) and the exergy delivered to 
the room Xout (eq. 29). Exergy consumption during heat exchange in the ceiling is denoted by Xceil. The 
exergy output to the room, Xout, is assigned a positive sign, because of the direction of the exergy flow. 
This temperature relation indicates that warm exergy flows from the heating loop circulation fluid into 
the room. The overall energy balance of the cooling loop is given by eq. 31.  
𝑐𝑤𝑚𝐶𝑃(𝑇𝑠𝑢𝑝 − 𝑇𝑖𝑛𝑑) = 𝑐𝑤𝑚𝐶𝑃(𝑇𝑟𝑒 − 𝑇𝑖𝑛𝑑) + 𝑄𝑜𝑢𝑡 (27) 
𝑋𝑠𝑢𝑝 − 𝑋𝑐𝑒𝑖𝑙 = 𝑋𝑟𝑒 + 𝑋𝑜𝑢𝑡 (28) 
𝑋𝑜𝑢𝑡 = (1 −
𝑇0
𝑇𝑖𝑛𝑑
) 𝑄𝑜𝑢𝑡 (29) 
𝑋𝑟𝑒 = 𝑐𝑤𝑚𝐶𝑃 {(𝑇𝑟𝑒 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝑟𝑒
𝑇0
} (30) 
𝑄𝑐 + 𝐸𝐶𝑃 + 𝑄𝐻𝑋,𝑙𝑜𝑎𝑑 = 𝑄𝑜𝑢𝑡 (31) 
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3.3. Cooling mode 
In cooling mode, the heat pump operates in reverse to heating mode so that the refrigerant in the 
evaporator receives heat from the cooling circulation fluid and releases it to the fluid in the BHE in the 
condenser (Figure 3). Accordingly, the ground is used to cool the heat carrier fluid in the BHE, which 
enters the condenser side of the heat pump, where the compressed, but still vapour-state refrigerant 
fluid condenses and releases heat into the BHE circulation fluid. In the expansion valve a distinct 
pressure drop leads to the evaporation of the liquid refrigerant, which then enters the evaporator side 
of the heat pump at a low temperature and evaporates by receiving heat from the load side fluid. Thus, 
the load side fluid cools down and then has the ability to cool the radiant ceiling panels and the adjacent 
indoor space. The equations defining the energy and exergy balances and contents of the individual 
subsystems are set up in the same manner as for cooling mode using the general equation for cool 
exergy (eq. 2), and are described in detail in Appendix C.  
 
 
Figure 3: Subsystems used for cooling as represented by the exergy model for cooling mode with the 
energy, exergy and temperature terms applying to the corresponding components. Temperatures and 
mass flow rates in bold are inferred from the model by balancing the energy input and output of the 
respective component.  
 
3.4. Exergy from power grid and boiler 
For the calculation of the exergy input from the electricity grid to be consumed in the auxiliary 
components, we assume that the electricity is generated in a remote natural gas power station. The 
exergy for the individual components (heat pump, circulation pump, ground loop pump and HX pump) 
are given by the ratio of power demand and the overall efficiency ηTOT, which includes the conversion 
efficiency of the power plant and transmission efficiency of the grid, multiplied by the ratio of chemical 
exergy to higher heating value of natural gas, r [39] (eqs. 32-36).  
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𝑋𝑝𝑜𝑤𝑒𝑟,𝐻𝑃 =
𝐸𝑐𝑜𝑚𝑝
𝜂𝑇𝑂𝑇
𝑟 (32) 
𝑋𝑝𝑜𝑤𝑒𝑟,𝐶𝑃 =
𝐸𝐶𝑃
𝜂𝑇𝑂𝑇
𝑟 (33) 
𝑋𝑝𝑜𝑤𝑒𝑟,𝑝𝑢𝑚𝑝 =
𝐸𝑝𝑢𝑚𝑝
𝜂𝑇𝑂𝑇
𝑟 (34) 
𝑋𝑝𝑜𝑤𝑒𝑟,𝐻𝑋𝑝𝑢𝑚𝑝 =
𝐸𝐻𝑋𝑝𝑢𝑚𝑝
𝜂𝑇𝑂𝑇
𝑟 (35) 
𝑋𝑝𝑜𝑤𝑒𝑟,𝑡𝑜𝑡 = 𝑋𝑝𝑜𝑤𝑒𝑟,𝐻𝑃 + 𝑋𝑝𝑜𝑤𝑒𝑟,𝐶𝑃 + 𝑋𝑝𝑜𝑤𝑒𝑟,𝑝𝑢𝑚𝑝 + 𝑋𝑝𝑜𝑤𝑒𝑟,𝐻𝑋𝑝𝑢𝑚𝑝 (36) 
 
We assume ηTOT to be 0.40 based on UK energy statistics [52], and r as 0.93, which is based on the 
assumption of natural gas as pure methane [1]. The calculation of the exergy input to the heat 
exchanger from the boiler XNG,boiler due to combustion of natural gas is performed according to eq. 53) 
[34], where ηboiler is the efficiency of the boiler, which we assume to be 0.9 [26]. Taking into account the 
ratio of chemical exergy to higher heating value of natural gas, r, links the primary energy input to the 
boiler to the exergy input (eq. 37). 
𝑋𝑁𝐺,𝑏𝑜𝑖𝑙𝑒𝑟 =
𝑄𝐻𝑋,𝑠𝑜𝑢𝑟𝑐𝑒
𝜂𝑏𝑜𝑖𝑙𝑒𝑟
𝑟 (37) 
 
3.5. Performance indicators 
The actual coefficient of performance (COP) of the refrigerant cycle of the heat pump is smaller than 
the theoretical COP due to irreversibility effects during heat exchange. To calculate the actual COP of 
the refrigerant cycle we follow the approach of Li et al. [38], by taking into account the temperature 
differences of the heat pump system components for heating and cooling mode:  
𝐶𝑂𝑃ℎ𝑒𝑎𝑡𝑖𝑛𝑔 = 𝑘
𝑇𝑐
𝑇𝑒 − 𝑇𝑐
= 𝑘
𝑇𝑖𝑛 − (𝑇𝑖𝑛 − 𝑇𝑐)
(𝑇𝑔 − 𝑇𝑖𝑛) + (𝑇𝑒 − 𝑇𝑤) + (𝑇𝑤 − 𝑇𝑔) + (𝑇𝑖𝑛 − 𝑇𝑐)
 (38) 
𝐶𝑂𝑃𝑐𝑜𝑜𝑙𝑖𝑛𝑔 = 𝑘
𝑇𝑒
𝑇𝑐 − 𝑇𝑒
= 𝑘
𝑇𝑖𝑛 − (𝑇𝑖𝑛 − 𝑇𝑒)
(𝑇𝑔 − 𝑇𝑖𝑛) + (𝑇𝑐 − 𝑇𝑤) + (𝑇𝑤 − 𝑇𝑔) +  (𝑇𝑖𝑛 − 𝑇𝑒)
 (39) 
 
In equations (38) and (39), k represents irreversibility factor of the refrigerant cycle, which is a function 
of the isentropic, mechanical and motor efficiency of the heat pump and typically ranges between 0.2 
and 0.6 [38, 53, 54]. Therefore, we set it to 0.4 for both heating and cooling mode, as the ratio of actual 
and theoretical COP was shown to be similar for both modes [53]. The exergy performance of the 
heating and cooling system is analysed through six different exergy ratios (eqs. 40-45). We adopt the 
exergy efficiency of the system ηs1, which is specified by the ratio of exergy output to all non-natural 
exergy inputs, and the natural exergy ratio of the system ηs2, which represents the share of natural 
exergy input on the total exergy input from all sources, from [38] and define, in addition, a measure for 
the total efficiency of the system ηs3, which relates the exergy output to the total exergy input: 
𝜂𝑠1 =
𝑒𝑥𝑒𝑟𝑔𝑦 𝑜𝑢𝑡𝑝𝑢𝑡
𝑛𝑜𝑛 − 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑒𝑥𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡
=
𝑋𝑜𝑢𝑡
𝐸𝑐𝑜𝑚𝑝 + 𝐸𝐶𝑃 + 𝐸𝑝𝑢𝑚𝑝 + 𝐸𝐻𝑋,𝑝𝑢𝑚𝑝+𝑋𝐻𝑋𝑠𝑜𝑢𝑟𝑐𝑒
 (40) 
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𝜂𝑠2 =
𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑒𝑥𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡
𝑡𝑜𝑡𝑎𝑙 𝑒𝑥𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡
=
𝑋𝑔
𝐸𝑐𝑜𝑚𝑝 + 𝐸𝐶𝑃 + 𝐸𝑝𝑢𝑚𝑝 + 𝐸𝐻𝑋,𝑝𝑢𝑚𝑝+𝑋𝐻𝑋𝑠𝑜𝑢𝑟𝑐𝑒 + 𝑋𝑔
 (41) 
𝜂𝑠3 =
𝑒𝑥𝑒𝑟𝑔𝑦 𝑜𝑢𝑡𝑝𝑢𝑡
𝑡𝑜𝑡𝑎𝑙 𝑒𝑥𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡
=
𝑋𝑜𝑢𝑡
𝐸𝑐𝑜𝑚𝑝 + 𝐸𝐶𝑃 + 𝐸𝑝𝑢𝑚𝑝 + 𝐸𝐻𝑋,𝑝𝑢𝑚𝑝+𝑋𝐻𝑋𝑠𝑜𝑢𝑟𝑐𝑒 + 𝑋𝑔
 (42) 
 
To quantify the overall exergy efficiency including the power grid and the gas-fired boiler we apply eqs. 
43-45 based on the work by Kazanci et al. [39], where η1 is the overall exergy efficiency, η2 represents 
the natural overall exergy efficiency and η3 the true overall exergy efficiency, respectively. The meaning 
of the efficiencies η1, η2, and η3 corresponds to ηs1, ηs2, and ηs3, respectively, with the difference that 
they relate the exergy output or natural input to the corresponding exergy inputs from the grid and take 
into account the efficiency of electricity generation and transmission.  
𝜂1 =
𝑒𝑥𝑒𝑟𝑔𝑦 𝑜𝑢𝑡𝑝𝑢𝑡
𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑡𝑦 𝑖𝑛𝑝𝑢𝑡
=
𝑋𝑜𝑢𝑡
𝑋𝑝𝑜𝑤𝑒𝑟,𝑡𝑜𝑡
 (43) 
𝜂2 =
𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑒𝑥𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡
𝑡𝑜𝑡𝑎𝑙 𝑒𝑥𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡
=
𝑋𝑔
𝑋𝑝𝑜𝑤𝑒𝑟,𝑡𝑜𝑡 + 𝑋𝑔
 (44) 
𝜂3 =
𝑒𝑥𝑒𝑟𝑔𝑦 𝑜𝑢𝑡𝑝𝑢𝑡
𝑡𝑜𝑡𝑎𝑙 𝑒𝑥𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡
=
𝑋𝑜𝑢𝑡
𝑋𝑝𝑜𝑤𝑒𝑟,𝑡𝑜𝑡+𝑋𝑔
 (45) 
 
4. Results and Discussion 
4.1. Exergy values for the system components in heating mode 
Figure 4 shows the results for the exergy flow and consumption values of each component of the system 
in heating mode using the design values listed in Table 1. To verify the calculated energy and exergy 
values, we examine the energy and exergy balance equations given in the methodology, and find that 
they are fulfilled to a high degree of accuracy of ±2.0*10-13 W. In heating mode, the hybrid GSHP system 
works with three energy sources: the ground, the power from grid, and a gas-fired boiler. Therefore, 
exergy flow are plotted for each source separately. The plots show the sequential flow of exergy from 
each source, through the individual system components (marked on the x-axes), to the outdoor 
environment. The relative exergy content at the outdoor environment is zero because we use the 
outdoor temperature as the reference condition for the exergy analysis. The bar on the left side of each 
plot shows the magnitude of energy input from the source and the contribution of the individual 
components. The slope of each line segment indicates the rate at which exergy is consumed in the 
corresponding subsystem, while the dots between the individual components mark the amount of 
exergy flow from one subsystem to the next. Because we focus on analysing the heating and cooling 
system only, exergy flow is not explicitly quantified through the room and the building envelope. 
Figure 4a shows the flow of warm exergy from the ground, including the additional thermal exergy input 
from the heat pump and the boiler. It reveals that a considerable amount of exergy is consumed in the 
ceiling when the warm exergy is delivered to the room. This significant consumption in the radiative 
supply component is in contrast to findings from previous studies that investigated radiant floor systems, 
which exhibit a much lower exergy consumption [33, 35, 39], due to lower temperature spreads between 
the supply flow and the indoor temperature (see Table 1). The large exergy consumption in the heat 
exchanger (XHX = 3.51 kW) is also due to the temperature difference between the source side (boiler) 
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and the load side (heating loop). Indeed, components with a lower temperature difference between 
inputs and outputs, such as the mixing valves, show a very low exergy consumption and do not 
contribute significantly to the overall exergy consumption.  
 
 
 
Figure 4: Exergy flow diagrams for the system in heating mode: a) from the ground to the outdoor 
environment, b) from the power plant to the outdoor environment and c) from the natural gas to the 
outdoor environment. Exergy flows are shown for the base values as solid lines and the additional 
exergy input from the electronic auxiliary components as dashed lines, respectively. Exergy values in 
kW for the individual system components in heating mode with red arrows indicating warm exergy flows 
and green arrows electricity input to the system. Exergy consumptions are labelled in orange. 
 
The comparison of the exergy extracted from the ground Xg and the exergy input from the heat 
exchanger XHX,source reveals that most of the exergy used for heating is supplied by the boiler. However, 
this small amount of Xg consists of natural exergy, which is freely available and not generated by means 
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of fossil fuels. Furthermore, it can be extracted in the immediate environment of the building, which 
means that losses due to transmission and distribution are minimal compared to the exergy input from 
fossil fuels through power plant (Figure 4b).  
The exergy flow from a remote power plant, shown in figure 4b, represents the exergy input from natural 
gas converted into electric energy that is needed to drive the electronic components of the system (eqs. 
48-51). Despite being named ‘auxiliary components’ here and in other studies, these electronic 
components play a vital role in the energy supply system. They consume exergy in the form of electricity 
in order to move the carrier of the exergy, water in our case, through the system from the heat source 
to heat sink. Figure 4b shows that a significant portion of the exergy required to provide the electricity 
for the compressor is lost during generation and transmission in the power plant component. However, 
this exergy consumption is less than the consumption in the heat exchanger and the ceiling. This 
highlights the dominant role of the components related to the hybrid system for overall exergy 
consumption, as electricity generation outside the energy supply system is typically found to be the 
component with the highest consumption rates in low-exergy supply systems [31, 33, 34]. An even 
higher exergy consumption is identified in the boiler subsystem (Figure 4c), which is in accordance with 
the findings from previous studies on conventional heating systems [18, 34]. 
4.2. Exergy values for the system component in cooling mode 
The results for the exergy flow and consumption values for each component of the system in cooling 
mode are shown in Figure 5 in the same manner as for heating mode. The steepest gradient of the 
exergy flow is found here for the components of the heat pump (Figure 5a), which indicates that a 
significant amount of exergy is consumed in these components. The input from the ground Xg is more 
than twice as large as in heating mode, but still rather small compared to the exergy input from the 
electronic components. The amount of exergy delivered to the room is also much smaller than in heating 
mode, because the temperature spread between supply (Tsup) and return (Tre) is smaller, as the cooling 
demand Qout is much smaller. The gradient of the exergy flow from the power plan is quite steep (Figure 
5b), and exergy consumption is again most dominant in the power plant and transmission grid 
component outside of the energy supply system of the building.  
Compared to the cooling system investigated by Li et al. [38] our study yields higher exergy input and 
consumption values associated with a similar amount of cool exergy output. The exergy input is higher 
in our system because of a higher electricity demand for the auxiliary components and a larger natural 
exergy input, Xg, caused by a wider temperature spread in our BHE subsystem. The system investigated 
by Li et al. [38] is an air-based system, where the supplied air is directly cooled at the evaporator of the 
heat pump. Thus, no additional components, such as mixing valves or radiant ceiling, are needed on 
the load side of the system, apart from a ventilation fan. The exergy consumption is higher within our 
system due to wider temperature differences across individual components in our study. Also, in Li et 
al. [38] the temperature spread between the evaporator and the room is smaller, as no separate carrier 
fluid, such as water in our system, is needed for the delivery of cool exergy.  
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Figure 5: Exergy flow diagrams for the system in cooling mode: a) from the ground to the outdoor 
environment and b) from the power plant to the outdoor environment. Exergy flows are shown for the 
base values as solid lines and the additional exergy input from the electronic auxiliary components as 
dashed lines, respectively. Exergy values in kW for the individual system components in cooling mode 
with blue arrows indicating cool exergy flows and green arrows electricity input to the system. Exergy 
consumptions are labelled in orange. 
 
4.3. System performance in heating and cooling mode 
Table 2 lists the sums of exergy input, consumption and output values for the whole system in heating 
and cooling mode. A comparison of the exergy values in both modes reveals the following significant 
differences:  
(a) The exergy input in heating mode is more than three times larger than in cooling mode, which is 
mostly supplied by the boiler through the heat exchanger.  
(b) The exergy output of the system is much larger in heating mode due to the large temperature 
difference between the heating fluid, Tsup, and the room set point temperature, Tin. This is due to the 
characteristics of the radiant ceiling in heating mode.  
(c) Consequently, exergy consumption is also larger in heating than in cooling mode, due to the 
enormous consumption in the heat exchanger and the large consumption in the radiant ceiling, which 
is found to be 26 times higher than in cooling mode. On the contrary, there is less exergy consumed 
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by the ground heat exchanger and the heat pump than in cooling mode, because of the smaller 
temperature spread.  
Previous studies that compared the exergy performance of different subsystem of energy supply 
systems in both heating and cooling mode found less significant differences (up to a factor of 10) 
between the two operational modes, when the exploited energy and exergy sources are the same, i.e. 
either the ground, air or electricity [22, 41].  
 
Table 2: Exergy values resulting from the analysis of the studio system in cooling and heating mode 
applying the design temperature, flow rate values and electricity consumption of auxiliary components 
from Table 1.  
 cooling mode [kW] heating mode [kW] 
total exergy inputs 3.04 10.71 
total exergy consumption 2.71 7.62 
exergy output 0.33 3.09 
 
The significant differences in exergy input, consumption and output values for the system in heating 
and cooling modes naturally affect the exergy efficiencies used to characterize the performance of the 
system (eqs.43-48) (Table 3). The non-natural exergy efficiency of the system ηs1 in heating mode is 
twice as high as in cooling mode, which is because of the significant thermal exergy input through the 
boiler (Figure 4a). The natural exergy ηs2 efficiency is several times higher in cooling mode than in 
heating mode due to the large amount of exergy originating from fossil fuel in the boiler in heating mode, 
while in cooling mode a quarter of the exergy available for space cooling is provided by the natural, 
renewable energy source. The true system efficiency ηs3 in heating mode, which considers all natural 
and fossil fuel-based exergy inputs, is almost identical to the system exergy efficiency, as the natural 
exergy input is relatively small. The system in cooling mode on the other hand exhibits a lower true 
system efficiency, because the natural exergy content represents a significant fraction of the exergy 
inputs.  
 
Table 3: Exergy efficiency values from the analysis of the studio system in cooling and heating mode 
applying the design temperature and flow rate values from Table 1. 
 cooling mode [%] heating mode [%] 
system exergy efficiency ηS1 14.6 29.8 
system natural exergy efficiency ηS2 25.6 3.3 
true system efficiency ηS3 10.9 28.8 
system COP 10.3 7.3 
overall exergy efficiency η1 6.0 47.3 
overall natural exergy efficiency η2 12.40 5.1 
true overall exergy efficiency η3 5.3 44.9 
 
The COP value of the heat pump is slightly higher in cooling mode, which is due to the larger difference 
between Tc and Te needed in heating mode. The overall performance indicators (η1, η2, η3) allow an 
assessment of the efficiencies beyond the boundaries of the building by taking into account the 
efficiency of power generation for the electronic components. In cooling mode, these overall efficiencies 
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are generally small, as the contribution of electric energy to the exergy output is relatively large (Figure 
5b). Likewise, the relatively small impact of electric exergy compared to the heat input from the boiler, 
results in larger overall exergy efficiency ratios for heating mode. 
Kazanci et al. [39] achieved a significantly higher overall natural exergy efficiency of 53.2% by using 
two cold sources, the ground and a shaded crawl-space. In comparison to the study by Li et al. [38] our 
system requires larger exergy inputs to deliver the same amount of exergy, which results in lower exergy 
efficiencies and COP values in our study. The overall exergy efficiency η1 for their system is also higher 
(18.0%), suggesting that the relative power demand of the electric system components is less than in 
our study. Overall, the comparison with exergy efficiency values from other studies raises the question 
about potential improvements to the system investigated in our study regarding exergy efficiency, which 
will be investigated in next section.  
4.4. Scenario analysis for performance improvement 
To demonstrate how the derived exergy model could be used during the design stage or during energy 
retrofit planning to investigate the effect of different options on the system performance, we conduct a 
scenario analysis for different improvement measures. We evaluate the steady-state exergy 
performance of the hybrid GSHP system of the Studio room under the design conditions for the following 
scenarios: a) improvement of the heating and cooling system by reducing the electricity demand of 
electrical equipment in the model, b) improvement of the system by changing the temperature level of 
the energy system, while keeping the absolute temperature difference between supply and return flow 
fixed and c) improvement of the building envelope by reducing the output energy required for space 
heating and cooling by lowering the temperature difference between the supply and return flow in the 
model.  
4.4.1. Reduction of the power demand of the supply system 
The assumption of reducing the exergy input from electricity consumption of the auxiliary components 
is based on the possibility of replacing the existing electrical equipment with components that have a 
higher efficiency (power to electricity ratio). Therefore, we investigate the effect on the exergy balance 
and exergy performance for reduction in power demand by 10, 20 and 30% of the original value for 
heating and cooling mode, respectively.  
For the system operating in cooling mode, Figure 6a shows a decrease in exergy input and consumption 
with decreasing power demand, and a very slight increase in exergy output from 0.33 to 0.35 kW, due 
to the more prominent decrease in consumption than in exergy input. Reduction in power demand for 
auxiliary components increases system efficiency and COP. The influence on overall efficiency is less, 
because exergy consumption outside the system during power generation and distribution are more 
dominant, which reduces the relative impact of the auxiliary electricity demand. Assuming a reduction 
in power demand of 30% the system efficiency could be increased by approx. 4-8%, while the overall 
performance efficiency could be improved by 3-4%.  
In heating mode, the same reduction in electricity demand yields a smaller decrease in exergy 
consumption (Figure 6c), and a potential increase in system efficiency of approx. 0.1-1.0% and a more 
prominent increase of approx. 1-7% for the overall efficiency (Figure 6d). The opposite effect on overall 
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efficiency between heating and cooling mode can be explained by the significant influence of the 
thermal exergy delivered through the heat exchanger.  
However, it must be remembered that the electricity consumption of the components also affects the 
energy balance of the system so that a reduction in power demand has not only positive effects, but 
also reduces the exergy input to the system. This is particularly true for the power demand of the 
compressor, Ecomp, which has the highest electricity demand of the auxiliary components. The increase 
in system performance levels out rapidly at about 30% reduction for heating mode (Figure 6d), where 
exergy consumption in the heat pump (Xrefcycle) was low for the base case (Figure 4a). With less exergy 
input in form of Ecomp and the same output required to provide heating, the consumption cannot be 
reduced much further, i.e. no further increase in efficiency is possible, without any additional system 
changes.  
From an economic point of view the reduction in power demand is an effective option, as it will 
significantly reduce the operational costs of the system in cooling mode, where electricity costs are the 
only cost factor. The overall costs reduction for heating mode will need to take into account the 
additional costs for the gas-fired boiler, which will depend on the actual gas consumption under 
operation. However, the installation costs of new equipment with higher efficiencies have to be 
considered as well.  
 
 
Figure 6: a, c) Total exergy input, output and consumption, and b, d) performance indicators for different 
values of the reduction in energy demand of auxiliary components for the system in cooling mode (a, 
b) and heating mode (c, d).  
 
4.4.2. Altering the temperature level of the supply system 
Another option for improving the system performance is changing the temperature at which the system 
operates. As discussed above, a smaller temperature difference between the individual subsystems 
significantly influences the exergy consumption and a reduction could thus improve the exergy 
efficiency. Therefore, we analyse the effect of changing the temperature level of the cooling and heating 
circuit, respectively, while the temperature difference and the amount of supplied energy is kept 
constant.  
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For the system in cooling mode it is revealed that changing the temperature level of the cooling circuit 
has no effect on the overall exergy input, consumption or output, and accordingly no effect on the exergy 
efficiency ratios (Figure 7a). As expected the exergy consumption in the radiant ceiling, Xceil, decreases 
as Tsup approaches Tin at 294 K. However, at the same time the exergy consumption in the evaporator 
increases by exactly the same amount, because the temperature spread between the cooling circuit 
and the refrigerant cycle increases. Adapting the temperature spread across the heat pump 
components accordingly might be an appealing solution, but the temperature of the ground, which is 
the only source of the cool exergy, is ultimately fixed at a given temperature (Tg), which corresponds 
not only to the assumed design conditions, but also to specific subsurface conditions on-site.  
 
 
Figure 7: Detailed exergy consumption due to variation of the supply and return temperature (with 
constant temperature difference and constant energy output) for the system in (a) cooling, (b) heating 
mode, and (c) heating mode with the temperature of the boiler and heat exchanger source side being 
varied by 2 K, respectively. The supply temperature of 288 K in cooling mode, 321 K in heating mode, 
and THX,source,in of 355 K correspond to the design values of the system. The return temperature is in 
cooling mode always 3 K higher and for heating 12 K lower than supply temperature Tsup. 
 
The same effect can be seen for heating mode (Figure 7b), as the reduction in exergy consumption in 
the ceiling, Xceil, with lower heating temperatures is compensated by an increase in consumption, XHX, 
in the heat exchanger. However, in heating mode, the hybrid system uses two different sources of warm 
exergy: the ground, which comprises a fixed boundary, and the heat exchanger, which is supplied by a 
gas-fired boiler. Figure 7c shows the resulting exergy consumptions when the temperature level of the 
boiler circuit is also varied by 2 K. Under these conditions, an increase in XHX still compensates a portion 
of the decrease in Xceil, but overall there is a decrease in the exergy consumption with decreasing 
system temperatures. The system overall (ηs1) and natural (ηs2) exergy efficiency indicators show a 
minor improvement of approx. 2% with decreasing temperature level (not shown), while the overall 
performance indicators still yield no improvement, because changing the temperature level does not 
affect the exergy output or the power demand of the system. This lack of overall improvement would 
make this measure a less effective option for increasing exergy performance than the reduction of 
energy demand.  
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Also, the efficiency of the condensing boiler will also be affected by changes in the boiler supply and 
return temperatures, as well as the overall heat losses. Thus, a more comprehensive analysis of energy 
and exergy efficiency would be needed to explore the full range of the consequences of such system 
adaptions. Another option would be to change the indoor set point temperature, which would affect the 
overall temperature spread across the system, but at the same time such changes might conflict with 
the building use or negatively impact the thermal comfort. The changes investigated in this scenario 
have no economic consequences for the system operating in cooling mode, as the power demand for 
the auxiliary components, which cause the operational costs, remains constant. For the system in 
heating mode the operational costs depend on the gas consumption in the boiler, and accordingly not 
only on the amount of energy supplied by the boiler, but also on its efficiency, which was not investigated 
in this study. 
4.4.3. Reduction of the space energy demand 
We also explore the scenario of improving the building envelope (for instance by increasing the thermal 
insulation), which results in a lower energy demand to maintain a certain indoor temperature. In our 
exergy model a lower energy demand can be emulated by reducing the difference, ΔT, between supply 
and return temperatures of the heating and cooling circuit. In heating mode, the amount of energy and 
exergy from the GSHP is not varied with the varying ΔT so that the amount of additional (or reduced) 
energy required is allocated to heat from the fossil fuel-based boiler. It seems natural to do so in this 
theoretical analysis, as an increase of the capacity of the heat pump will be limited by the thermal 
conditions in the subsurface (as stated above), while the boiler component is more likely to have a 
certain operational reserve.  
As expected, the values of the overall exergy inputs, consumptions and output show an increasing trend 
with increasing ΔT (Figure 8), as lower temperature differences result in lower exergy outputs and 
consumption, and also in a smaller exergy input from the ground or the heat exchanger, respectively. 
Close inspection of Figure 8a and b shows that the exergy input increases more rapidly than the exergy 
output leading to an increase in efficiency (Figure 8c and d), indicating that the system is more efficient 
for higher energy demands. Similar to Figure 6 this trend is more pronounced for system performance 
indicators and the COP for cooling mode (Figure 8c), while in heating mode the increase in overall 
performance indicators is more prominent (Figure 8d), which is linked to the dominant amount of exergy 
input from electricity and natural gas in heating mode. A comparison of the relative changes with regard 
to the design values per 1 Kelvin change in ΔT and averaged over the full range of explored ΔT reveals 
that, while the impact on exergy values is similar for heating and cooling mode (Figure 8a and b), the 
change in exergy efficiency is more significant in cooling than in heating mode (Figure 8c and d). This 
indicates that this measure is more effective for improving cooling performance than for heating.  
The individual exergy consumption terms per component reveal that in cooling mode the exergy 
consumed by the ceiling, evaporator, condenser and ground increase as more energy is required for 
cooling (Figure 8e). The simultaneous decrease in Xrefcycle compensates most of the increase in other 
components and reflects the increase in the COP value, indicating that the heat pump is more efficient 
for larger amounts of transferred energy. The changes in the exergy consumption in heating mode are 
mainly related to changes in Xceil and XHX, which reflect the increasing amount of energy from the boiler 
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transferred through the heat exchanger and the ceiling (Figure 8f). This reflects the counter acting effect 
of system improvement and simultaneous increase in absolute exergy consumption for higher heating 
and cooling demands.  
From an economic perspective, a reduction in heating and cooling demand obviously leads to lower 
operational costs, in particular due to the lower gas demand for heating with the hybrid system. 
However, potential energy savings need to be balanced with the costs of better insulation under 
consideration of a reasonable payback period, which will depend significantly on the building and the 
specific type of building envelope improvement.  
 
 
 
Figure 8: a, b) total exergy input, output and consumption, c, d) performance indicators and e, f) exergy 
consumption due to variation of the temperature difference ΔT between supply and return flow for the 
system in cooling and heating mode. The supply temperature of 288 K in cooling mode and 321 K in 
heating mode correspond to the design values of the system. Heating and cooling return temperatures 
are kept at their design values of 293 K and 309 K, respectively. 
 
5. Conclusions 
Examination of a novel thermodynamic model, which takes into account warm and cool exergy, of a 
hybrid GSHP system with a supplementary boiler enables an in-depth assessment of the exergy 
performance of the individual system components, such as the heat exchanger and the radiant ceiling. 
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A detailed comparison of the exergy values in heating and cooling for the first time reveals significant 
differences regarding the components that attribute most to the overall exergy consumption in the 
system in different modes, and considerable disparities regarding the efficiency of the system compared 
to previously studied systems. 
While in cooling mode exergy consumption is relatively low (2.71 kW), as typical for these systems, 
considerable exergy consumption occurs in heating mode in the subsystem with the additional heat 
source (7.62 kW). The required mixing valves in this subsystem were found to contribute only very little 
to the overall exergy consumption, yet they still represent non-negligible components that need to be 
considered in such detailed analyses. The highest exergy consumption is found in the heat exchanger 
component between the heating loop and the boiler, which contributes ca. 50% to the total system 
consumption. Also, exergy consumption in the radiant ceiling in heating mode was found to be a 
significant source of irreversibility, and considerably higher than in cooling mode or previous studies 
with radiant heating systems. These findings highlight the negative impact of a large temperature spread 
across individual components on the overall exergy efficiency, and suggest that the use of a 
conventional, high-temperature heat source in combination with a GSHP system and a radiant ceiling 
may not be favourable from an exergetic point of view.  
Overall, exergy inputs from the boiler and electricity demand for the auxiliary equipment, such as 
pumps, are much larger than the natural exergy input from the ground in both heating and cooling mode, 
and suggest space for the improvement of system design. However, while reducing the electricity 
demand of the auxiliary components results indeed in an improved exergy efficiency, it simultaneously 
affects the energy balance and thus reduces the amount of exergy available in the system. A fact that 
has not been highlighted previously. The comparison of different exergy performance indicators reveals 
that though heating is in itself efficient, the natural energy source is exploited less efficiently than in 
cooling mode. It also emphasizes the usefulness of using all six different metrics in conjunction, which 
are typically not applied at the same time, as the improvement measures can cause very diverse 
changes in the system performance at different locations or on different levels. However, adapting the 
operational temperature level of the system in heating mode, while keeping the supplied amount of 
energy constant, has no effect on the system performance, as there is no possibility in this type of 
system to change the overall temperature difference between thermal energy source and sink. 
The most promising option was found to be improved thermal insulation of the building envelope, as it 
increases the exergy efficiency by reducing the heating and cooling demand. This indicates that 
measures to improve the exergy performance of an energy supply system should focus on 
improvements of the building envelope, rather than operational changes to the system, such as changes 
in temperatures or electricity demands. However, the absolute values for changes in exergy efficiency 
obtained in this study are only valid for this particular system under steady-state, design conditions. 
Changes in any of these conditions, such as changes in flow rates or temperature values, will naturally 
affect the model outcome for system exergy values and exergy efficiencies etc. Thus, further research 
is needed to evaluate the influence of variable boundary and system conditions, such as ground 
temperature, evaporation and condensing temperatures and to explore the effect of alternative choices 
for the reference temperature. In addition, further steps are required to adapt the steady-state model to 
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allow dynamic evaluation of exergy efficiency in order to enable analysis of the system performance 
under real operational conditions.  
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Appendix 
A: Derivation of the governing equation for exergy content  
The general equation for exergy X contained in a closed system according to Shukuya [1] can be 
expressed in form of:  
𝑋 =  ∫ 𝑑𝑋
𝑋
0
= ∫ 𝑑𝑈 + 𝑃0
𝑈
𝑈0
∫ 𝑑𝑉 − 𝑇0
𝑉
𝑉0
∫ 𝑑𝑆 = (𝑈 − 𝑈0) + 𝑃0(𝑉 − 𝑉0) − 𝑇0(𝑆 − 𝑆0)
𝑆
𝑆0
 (A.1) 
 
Where U represents the internal energy of the system, P0 the reference (environmental) pressure, V 
the volume of the system, T0 the reference temperature, and S the entropy.  
For the exergy contained in a certain volume of water, X, assuming that inside and outside pressure 
are equal and constant, eq. A1 can be rewritten (eq. A.2) [1]:  
𝑋 = (𝑈𝑤 + 𝑃𝑤𝑉𝑟) − (𝑈0 + 𝑃0𝑉0) − 𝑇0(𝑆𝑤 − 𝑆0) (A.2) 
 
With enthalpy, H, being defined as H=U+PV, eq. A.2 can be rewritten as (eq. A.3) [1]: 
𝑋 = (𝐻𝑤 − 𝐻0) − 𝑇0(𝑆𝑤 − 𝑆0) (A.3) 
 
An increase in enthalpy, dHw, under the condition of constant pressure equals the infinitesimal heat 
flow, δQ, which relates to an increase in the internal temperature, dTw, with a constant heat capacity, 
cw, and density, ρw, of the water (A.4) [1]: 
𝑑𝐻𝑤 = 𝑑𝑈𝑤 + 𝑃0𝑑𝑉𝑤 = 𝛿𝑄 = 𝑐𝑤𝜌𝑤𝑉𝑤𝑑𝑇𝑤 (A.4) 
 
As an increase in entropy, dSw, equals dQ/Tw, eq. A.4 can be written as (eq. A.5) [1]: 
𝑑𝑆𝑤 = 𝑐𝑤𝜌𝑤𝑉𝑤
𝑑𝑇𝑤
𝑇𝑤
 (A.5) 
 
Integration of dHw and dSw from T0 to T, and using eqs. A.4 and A.5, leads to the formula of thermal 
exergy, Xw, contained by the fluid entering (or flowing out of) a system component per unit time interval 
(A.6): 
𝑋𝑤 = 𝑐𝑤𝜌𝑤𝑣𝑤 {(𝑇𝑤 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝑤
𝑇0
} (A.6) 
 
Where vw represents the volumetric mass flow of the water in the system component in m3/s. 
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B: Exergy equations for the system in heating mode 
In heating mode, the ground heat exchanger is used to heat the BHE circulation fluid, which enters the 
evaporator side of the heat pump. In the expansion valve a distinct pressure drop leads to the 
evaporation of the liquid refrigerant, which then enters the evaporator side of the heat pump at a low 
temperature and evaporates by receiving heat from the heat carrier fluid in the BHE. After the 
compressor in the heat pump, the refrigerant enters the condenser side of the heat pump, where the 
compressed, but still vapour-state refrigerant fluid condenses and releases heat into the heating 
circulation fluid. A fraction of the heating fluid enters the heat exchanger connected to a boiler circulation 
loop, before being mixed with the bypassed flow fluid in the mixing valve HX. The merged fluid leaving 
the mixing valve represents the heating supply fluid entering the radiant ceiling component. The 
equations defining the energy and exergy balances and contents of the individual subsystems are set 
up using the general equation for warm exergy (eq. 1). 
Borehole heat exchanger 
The energy and exergy balance equations for the BHE circulation fluid and the ground (eqs. 6 and 7) 
can be defined according to the general energy and exergy balance equations (eqs. 3 and 5).  
𝑐𝑏𝑚𝑏(𝑇𝑏,𝑖𝑛 − 𝑇0) + 𝑄𝑔 = 𝑐𝑏𝑚𝑏(𝑇𝑏,𝑜𝑢𝑡 − 𝑇0) (A.7) 
𝑋𝑏,𝑖𝑛 + 𝑋𝑔 − 𝑋𝑔𝑒𝑥 = 𝑋𝑏,𝑜𝑢𝑡 (A.8) 
 
The energy exchanged with the ground, Qg, in heating mode is directed towards the heat carrier fluid 
in the BHE. The terms 𝑐𝑏𝑚𝑏(𝑇𝑏,𝑖𝑛 − 𝑇0) and 𝑐𝑏𝑚𝑏(𝑇𝑏,𝑜𝑢𝑡 − 𝑇0) quantify the amount of thermal energy 
contained in the BHE inlet and outlet flow, respectively, specified by the mass flow rate mb and the 
corresponding temperatures, Tb,int and Tb,out. The exergy extracted from the ground, Xg, comprises warm 
exergy and can be defined according to eq. A.9 based on the general equation for warm exergy (eq. 
1). The exergy balance in eq. A.8 has two input terms, namely the exergy of the geothermal return flow 
Xb,in (eq. A.11) and the exergy exchanged with the ground Xg, while Xgex is the exergy consumption 
during heat exchange with the ground, and Xb,out is the output exergy comprised in the BHE outlet flow 
(eq. A.10). 
𝑋𝑔 = (1 −
𝑇0
𝑇𝑔
) (𝑄𝑔) (A.9) 
𝑋𝑏,𝑜𝑢𝑡 = 𝑐𝑏𝑚𝑏 {(𝑇𝑏,𝑜𝑢𝑡 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝑏,𝑜𝑢𝑡
𝑇0
} (A.10) 
𝑋𝑏,𝑖𝑛 = 𝑐𝑏𝑚𝑏 {(𝑇𝑏,𝑖𝑛 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝑏,𝑖𝑛
𝑇0
} (A.11) 
 
Evaporator of the heat pump 
The energy balance (eq. A.12) of the evaporator side of the heat pump in heating mode also considers 
the electricity needed to operate the BHE pump Epump as an energy input. Likewise, the exergy balance 
(eq.A.13) has two input terms for the exergy content of the geothermal fluid Xb,out (eq. A.10) and the 
exergy input by Epump, as well as two output terms for the exergy of the geothermal return flow Xb,in (eq. 
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A.11) and the exergy output into the refrigerant Xe (eq. A.14), which can be calculated based on the 
energy exchanged with the refrigerant at the evaporator Qe. In addition, the exergy consumption in the 
evaporator is quantified by Xevap. The overall energy balance of the borehole heat exchanger loop is 
given by eq. A.15. 
𝐸𝑝𝑢𝑚𝑝 + 𝑐𝑏𝑚𝑏(𝑇𝑏,𝑜𝑢𝑡 − 𝑇0) = 𝑐𝑏𝑚𝑏(𝑇𝑏,𝑖𝑛 − 𝑇0) + 𝑄𝑒 (A.12) 
𝐸𝑝𝑢𝑚𝑝 + 𝑋𝑏,𝑜𝑢𝑡 − 𝑋𝑒𝑣𝑎𝑝 = 𝑋𝑏,𝑖𝑛 + 𝑋𝑒 (A.13) 
𝑋𝑒 = (1 −
𝑇0
𝑇𝑒
) 𝑄𝑒 (A.14) 
𝐸𝑝𝑢𝑚𝑝 + 𝑄𝑔 = 𝑄𝑒 (A.15) 
 
Refrigerant cycle  
The energy and exergy balance equations (eqs. A.16, A.17) of the refrigerant loop in the heat pump 
can be defined based on the corresponding input and output terms and accounting for the electricity 
demand of the compressor of the heat pump Ecomp and the exergy consumption in the refrigerant cycle 
Xrefcycle [38]. 
𝐸𝑐𝑜𝑚𝑝 + 𝑄𝑒 = 𝑄𝑐 (A.16) 
𝐸𝑐𝑜𝑚𝑝 + 𝑋𝑒−𝑋𝑟𝑒𝑓𝑐𝑦𝑐𝑙𝑒 = 𝑋𝑐 (A.17) 
 
Condenser of the heat pump 
The energy balance of the condenser side of the heat pump in heating mode is specified by eq. A.18 
and takes into account the thermal energy content of the inlet and outlet flow of the load side and the 
power consumption of the main circulation pump ECP. Accordingly, the exergy balance (eq. A.19) 
contains three input terms for the electric energy ECP, the exergy content of the inlet flow XHP,load,in (eq. 
A.21) and the exergy input from the refrigerant at the condenser Xc, which can be calculated based on 
the energy flux between refrigerant and heating fluid Qc (eq. A.20). The exergy of the load side outlet 
flow XHP,load,out (eq. A.22) represents the exergy output of the component, while the exergy consumption 
in the condenser is denoted by Xcond.  
𝐸𝐶𝑝 + 𝑄𝑐 + 𝑐𝑤𝑚𝐻𝑃(𝑇𝑟𝑒 − 𝑇0) = 𝑐𝑤𝑚𝐻𝑃(𝑇𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 − 𝑇0) (A.18) 
𝐸𝐶𝑃 + 𝑋𝑐  + 𝑋𝐻𝑃,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑋𝑐𝑜𝑛𝑑 = 𝑋𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 (A.19) 
𝑋𝑐 = (1 −
𝑇0
𝑇𝑐
) 𝑄𝑐 (A.20) 
𝑋𝐻𝑃,𝑙𝑜𝑎𝑑,𝑖𝑛 = 𝑐𝑤𝑚𝐻𝑃 {(𝑇𝑟𝑒 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝑟𝑒
𝑇0
} (A.21) 
𝑋𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 = 𝑐𝑤𝑚𝐻𝑃 {(𝑇𝐻𝑃 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡
𝑇0
} (A.22) 
 
The temperature of the fluid leaving the condenser of the heat pump, THP,load,out, is not specified in the 
system specifications, as it highly depends on the actual values of the system parameters and the heat 
pump performance during operation. Based on the given parameters and the previous calculations, it 
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can be inferred by substituting Qc in eq. 15 with the terms in eq. A.18, and rearranging the obtained 
equation to obtain THP,load,out (eq. A.23):  
𝑇𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 =
𝑄𝑒 +  𝐸𝑐𝑜𝑚𝑝 + 𝐸𝐶𝑃 + 𝑐𝑤𝑚𝐻𝑃(𝑇𝑟𝑒 − 𝑇0)
𝑐𝑤𝑚𝐻𝑃
+ 𝑇0 (A.23) 
 
C: Exergy equations for the system model in cooling mode 
The equations defining the energy and exergy balances and contents of the individual subsystems in 
cooling mode are set up in the same manner as for heating mode using the general equation for cool 
exergy (eq. 2). The heat exchanger and HX mixing valve components are not used in cooling mode. 
The exergy content of the inlet and outlet flows of the individual components, such as Xb,in and XHP,load,out, 
can be calculated using the same equations as for heating. For the exergy values of the borehole heat 
exchanger component the same equations as for heating can be used, with the difference that it 
comprises cool exergy, i.e. (-Qg).  
In cooling mode the heat pump is operating in reverse mode, as compared to heating mode. The 
condenser exchanges heat with the ground loop, while the evaporator is connected the cooling circuit, 
so that the equations have to be reformulated accordingly. Eqs. A.24 and A.25 define the energy and 
exergy balances of the condenser side of the heat pump in cooling mode with exergy inputs from the 
geothermal fluid, Xb,out, and the ground loop pump, Epump, as well as an output to the BHE, Xb,in. The 
calculation of the output Xc is based on the equation for cool exergy (eq. A.26), and the overall energy 
balance of the ground takes into account Qc (eq. A.27), instead of Qe.  
𝐸𝑝𝑢𝑚𝑝 + 𝑐𝑏𝑚𝑏(𝑇𝑏,𝑜𝑢𝑡 − 𝑇0) = 𝑐𝑏𝑚𝑏(𝑇𝑏,𝑖𝑛 − 𝑇0) + (−𝑄𝑐) (A.24) 
𝐸𝑝𝑢𝑚𝑝 + 𝑋𝑏,𝑜𝑢𝑡 − 𝑋𝑐𝑜𝑛𝑑 = 𝑋𝑏,𝑖𝑛 + 𝑋𝑐 (A.25) 
𝑋𝑐 = (1 −
𝑇0
𝑇𝑐
) (−𝑄𝑐) (A.26) 
𝐸𝑝𝑢𝑚𝑝 + 𝑄𝑐 = 𝑄𝑔 (A.27) 
 
In the refrigerant cycle Qe now represents and input, and Qc an output (eq. A.28). The same accounts 
for Xe and Xc in the exergy balance, respectively (eq. A.29).  
𝐸𝑐𝑜𝑚𝑝 + 𝑄𝑒 = 𝑄𝑐 (A.28) 
𝐸𝑐𝑜𝑚𝑝 + 𝑋𝑐−𝑋𝑟𝑒𝑓𝑐𝑦𝑐𝑙𝑒 = 𝑋𝑒 (A.29) 
 
According to the operation in reverse mode, the energy balance of the evaporator accounts for cool 
exergy in form of (-Qe) (eq. A.30). In contrast to heating mode, the exergy balance of this component 
(eq. A.31) takes into account the input by the main circulation pump, ECP, and Xe, which also comprises 
cool exergy (eq. A.32).  
𝐸𝐶𝑝 + (−𝑄𝑒) + 𝑐𝑤𝑚𝐻𝑃(𝑇𝑟𝑒 − 𝑇0) = 𝑐𝑤𝑚𝐻𝑃(𝑇𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 − 𝑇0) (A.30) 
𝐸𝐶𝑃 + 𝑋𝑒  + 𝑋𝐻𝑃,𝑙𝑜𝑎𝑑,𝑖𝑛 − 𝑋𝑒𝑣𝑎𝑝 = 𝑋𝐻𝑃,𝑙𝑜𝑎𝑑,𝑜𝑢𝑡 (A.31) 
𝑋𝑒 = (1 −
𝑇0
𝑇𝑒
) (−𝑄𝑒) (A.32) 
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For the mixing valve after the heat pump the same equations as for heating can be used. However, in 
cooling mode the fluid leaving the mixing valve represents the final cooling supply flow into the radiant 
ceiling (eq. A.33).  
𝑋𝑠𝑢𝑝 = 𝑐𝑤𝑚𝐶𝑃 {(𝑇𝑠𝑢𝑝 − 𝑇0) − 𝑇0 𝑙𝑛
𝑇𝑠𝑢𝑝
𝑇0
} (A.33) 
 
In the energy balance for the radiant ceiling, the output energy has to be considered as cool exergy, (-
Qout) (eq. A.34). While the exergy balance is identical to heating (eq. 28), the exergy delivered to the 
room Xout, is assigned a negative sign, because of the direction of the exergy flow given by T re < Tin < 
T0 (eq. A.35). The overall energy balance of the cooling loop contains the output term Qe (eq. A.36). 
𝑐𝑤𝑚𝐶𝑃(𝑇𝑠𝑢𝑝 − 𝑇𝑖𝑛𝑑) = 𝑐𝑤𝑚𝐶𝑃(𝑇𝑟𝑒 − 𝑇𝑖𝑛𝑑) + (−𝑄𝑜𝑢𝑡) (A.34) 
−𝑋𝑜𝑢𝑡 = (1 −
𝑇0
𝑇𝑖𝑛𝑑
) (−𝑄𝑜𝑢𝑡) (A.35) 
𝐸𝐶𝑃 + 𝑄𝑜𝑢𝑡 = 𝑄𝑒 (A.36) 
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